Chern-Simons (CS) θ-systems are described by a θ F ∧ F term in the action (θ is an adimensional parameter), which does not change field equations in the bulk, but affects the system behaviour when it is bounded. When two of those θ-systems, each one characterized by a different value of θ (even zero), share a common boundary, surface effects are then induced by a CS θ term. Here, we study the consequences of the above in the propagation of electromagnetic radiation in θ-systems. In a previous paper, electromagnetic radiation properties traversing a θ-vacuum were analyzed where a number of interesting features arise related to polarization and energy distribution. Now, we investigate how electric and magnetic properties of the θ-system affect the optical response. Apart from the well-known Kerr polarization rotation found for the particular case of topological insulators, we examine in detail the issue and the results could be applied in other contexts where θ-term accounts for the system dynamics. In particular, we find two different Brewster angles, for s and p polarization of reflected radiation, respectively, with peculiar features derived from the θ term influence. Possible applications of these results are discussed.
Introduction
Chern-Simons (CS) topological theories exhibit a number of remarkable features, which make them interesting as dynamical models for a variety of systems, from gauge field theories to cosmology [1, 2] (see also [3] ). Moreover, condensed matter physics has benefited from CS approach to give account of nontrivial topology phenomena of certain systems, such as those exhibiting quantum Hall phenomena [4] . In recent years, the novel topological insulators (TI) have become a new example of the above and intensive research has been developed in the area [5, 6] .
In (3+1)D, the CS contribution takes the form of a boundary term, not affecting the behaviour of the system in the bulk. 1 As it was observed by Frank Wilczek years ago, in spite of the above, the CS θ term as he called it, could have important applications in describing phenomena of a topological origin [8, 9] . In general, the effects of a θ term in the action for the system are seen when the system is bounded. Then, nontrivial contributions arise from the boundary conditions induced by the CS term, and any physical field reaching the θ-system will be perturbed. An example of this is the modification in the Casimir energy inside a spherical θ-region [10] . Effects in gravity are currently under study [11] .
Electromagnetic fields are particularly significant in detecting matter, or even vacuum if the latter is provided by nontrivial properties. When electromagnetic radiation incides on a θ-system, the waves experience changes in their properties, which could be eventually measured. In a previous paper we have pointed out that polarization is affected when reaching the surface of a region characterized as a θ-vacuum. Also, the unexpected presence of a reflected wave in that case subtracts part of the energy crossing the region. We mentioned the possibility of considering this for cosmological issues [12] . In the context of topological insulators, an equivalent phenomenon to Kerr-Faraday polarization rotation occurs in reflected and refracted waves at the surface of such materials [5, 13] .
In this report, we describe nonstandard phenomena related to electromagnetic radiation polarization, when incides on a general θ-system, being any kind of matter provided of electric and magnetic properties. We found that, for some restrictions on the electromagnetic radiation parameters, a nonstandard Brewster angle is possible. These results could be applied for detecting θ-systems and measure their properties.
The basic approach
If we consider an electromagnetic field in a θ-system, a term of the form
is added to the Maxwell action. In noncovariant notation, this amounts to a θ E · B term (modulus a constant). Then, the field equations become
3)
The delta function, δ(Σ), means that RHS of the above equations are evaluated at the interface separating the system for a surrounding normal medium (n is the unit normal to Σ). Electric permittivity and magnetic permeability are added to consider a more general situation. 2 What we see is that the interface partially transforms electric and magnetic fields into each other, and represent surface charge and current densities, respectively [12] . In the vicinity of the surface Σ, these equations imply that the normal component of E and the tangential component of B are discontinuous:
Subindices n and τ stand for normal and tangent components of the fields, respectively, with respect to the interface Σ. The symbol [ ] must be interpreted as the difference between the fields evaluated immediately inside and immediately outside the θ-medium. In addition to those boundary discontinuities, we have the boundary conditions derived from the identity dF ≡ 0, thus leading to the standard continuity conditions for the tangential component of E and the normal component of B, at the interface Σ,
Notice that these latter continuity conditions ensure consistency of (2.4) and (2.5).
Optical properties of θ-systems
Consider a small region in the boundary between the two media where an electromagnetic wave incides. The wave comes from a non-θ surrounding region and incides the system with an angle ϕ. The wave is reflected with the same angle ϕ and transmitted to the other medium with a different angle ψ, all these angles measured respect to the normal to the interface as usual. 3 We adopt the standard decomposition of the electric and magnetic fields in a p (parallel) and an s (perpendicular) component, with respect to the incidence plane. Also the electric and magnetic fields in each medium are related by the standard relationship B = nk × E, where n = (µε) 1/2 is the respective refraction index of the system andk is the corresponding unit wave vector. This relationship permits us to express results only in terms of the electric field. We introduce the convenient definitions e i ≡ E i /E i , e r ≡ E r /E i , and for the reflected wave,
where D ≡ (ηs + 1) (η + s) + θ 2 s; s ≡ cos ψ/ cos ϕ, where ϕ is the angle of incidence and ψ, the angle of refraction; η 1(2) ≡ n 1(2) /µ 1(2) , and η ≡ η 2 /η 1 , for the dielectric and magnetic properties (µ is the magnetic permeability of the respective medium and n, its index of refraction). To simplify notation, we have redefined θ → θ/η 1 . 4 Figure 1 shows the amplitude fields both for refracted and reflected waves compared to the θ-vacuum. For the chosen value of η = 1.1 (and φ = 60 o ), we find that the reflected wave presents a Brewster angle for θ = 0.504. This issue will be discussed in more detail below. 
Polarization rotation
Unlike the normal non-θ systems, the p and s components of fields mix with each other for both the reflected and refracted waves, and those components do not vanish even when the corresponding component of the incident wave is not originally present. Both waves experiment a polarization plane rotation, the well-known Kerr-Faraday rotation which occurs when light interacts with a magnetic material (Kerr case corresponds to the reflection of light by a surface) [14] . The polarization angle, α, is defined by tan α = e ⊥ /e . The refracted wave polarization angle is given by
and, for the reflected wave,
α i represents the incident wave polarization angle. Figure 2 shows the polarization angle for different values of θ in the case of a p-polarized (α i = 0) incident wave incoming at different angles of incidence. Because of such a polarization, the curves actually represent the rotation in polarization experienced by the outgoing waves. We see that the θ term has a significant influence and, in the case of reflected waves, we find a maximum polarization rotation for θ
, with a value for the polarization given by α r, max = tan
This maximum depends on both incidence angle and the system properties (beyond θ dependence) given by η parameter. In Fig. 3 we show the refracted and reflected waves waves polarization rotation compared to θ-vacuum case. For the reflected waves we see a different behaviour for the lower value of η = 1.1 and the greater value of η = 1.8, with the θ-vacuum case in the middle of them. This is so because, the numerator in (4.2) changes its sign for η = tan φ, that is, for the Brewster angle condition for normal non-θ systems. For the value of φ = 60 o , chosen for the curves in the figure, the latter amounts to η = (3). The dependence on η is shown in Fig. 4 . We observe that the possible electric and magnetic properties diminish the influence of θ, and polarization diminishes as η grows. Maximum polarization rotation is exhibited by a θ-vacuum. However, a remarkable feature arises since, above certain value of the incidence angle, a maximum is possible ffor an η > 1, both for refracted and reflected waves. A general expression for the value of η for this polarization maximum, at fixed incidence angle, is rather cumbersome to write. However, it can be demonstrated that the condition for the incidence angle in order to see the phenomenon is φ > 45 o . For instance, for an incidence angle of φ = 60 o , we find that the maximum is obtained for n = 1.29 for the reflected wave, and for n = 1.13 in the case of the refracted wave (we consider nonmagnetic systems, thus η = n).
Brewster angle for θ-systems
The radiation reflected by a nonconducting surface could eventually become s-polarized; that is, the reflected wave polarization plane lies perpendicular to the incidence plane (and, consequently, parallel to the interface surface). This occurs for a particular angle of incidence, which we call here the s-Brewster angle, for a reason that will become apparent immediately. This phenomenon also occurs for electromagnetic radiation inciding on θ-systems. But, the novelty is that a nonstandard Brewster angle appears, where reflected waves become polarized in the plane of incidence. We call the latter angle the p-Brewster angle. Let us first consider the standard s-Brewster angle. Then, by putting e r = 0 in (3.2), an equation for s is obtained. Since the parameter s is related to the incidence angle by tan ϕ = n (s 2 − 1)/(n 2 − 1), where n is the refraction index, we find tan ϕ
where we have introduced, for convenience,
The results are plotted in Fig. 5 . Several interesting points arise. Since the θ term in the equations has a significant influence in polarization, this is also seen in the values for Brewster angle. Even for rather small values of θ, the standard s-Brewster angle is changed notoriously [see Fig. 5a ]. On the other hand, large values of θ, compared to η, cancel the possibility of having a s-Brewster angle, since the value of the angle tends to 90 o . Additionally, an important difference with normal media is that the standard s-Brewster angle depends on incident wave polarization, α i . The greater the values of this polarization angle, the lower the values of θ sufficient for changing significantly the Brewster angle. The nonstandard p-Brewster angle is obtained by imposing e r⊥ = 0 in (3.2), thus yielding
2) We see that the p-Brewster angle does exist only for a restricted set of values for θ, namely,
In addition, the latter set for θ is not empty if α i , the incident wave polarization, satisfies the inequality Figure 6 shows the p-Brewster angles for different values of θ. We notice that nonstandard p-Brewster angle has a maximum value in terms of θ. This is achieved for θ M = cot α i , and we see that it is independent of electric and magnetic properties of the system. The value for this the maximum angle can be computed from the expression
Discussion
Results presented here show that electromagnetic radiation propagating in a θ-system bounded in space, and surrounded by a normal medium, exhibits interesting behaviour in polarization properties. Besides the reported Kerr-Faraday rotation in the polarization plane of the outgoing waves, the Brewster angle is significantly affected by θ term in boundary conditions for the fields in the surface of the system. A nonstandard p-Brewster angle arises, when reflected radiation becomes polarized in the plane of incidence. Compared to the θ-vacuum, we find that magnetoelectric properties properties represented by η parameter modify significantly the behaviour. Finally, we find that the reflected wave could carry a larger part of the energy compared to normal non-θ systems, which follow Fresnel relations. We make a comment on applications to topological insulators,. The quantum approach to those systems implies the periodicity in 2π of the θ parameter [8] . This is a a consequence of the topological invariance of the Pontryagin term F ∧ F , which becomes an integer (adequate normalization is needed). 6 Moreover, for ensuring time reversal (TR) symmetry for TI, the path integral treatment imposes the quantization of θ, being 0 or π the accepted values, the latter precisely describing TI. However, this situation which excludes the possibility of considering θ as a continuous variable, can be circumvented. TR symmetry could be broken in some particular cases leading for instance to spin quantum Hall phenomena; then, different values of θ are possible in such a case. For values of θ within the first zone (Pontryagin number equal to 1), and at first order in θ, from (4.1) and (4.2) we find that the polarization rotation angle for refracted waves is α t ∼ 2 o . For the reflected wave, however, a more interesting feature since it becomes dramatically large, α r ∼ tan −1 (2/θ) ∼ π/2. Together with these features, already reported in literature, we find that, for small θ, the standard s-Brewster angle changes in about 1.2 o for η = 1.1. On the other hand, nonstandard p-Brewster angle arises at very small values of θ. For η = 1.1 and incident polarization angle of α i = 10 • , we find that the p-Brewster angle is present for approximately 0.02 < θ < 11.3.
The possibility of applying the results here for larger values of θ is not ruled out in general systems by the identification θ → θ + 2πn, which is the result of considering θ as an external constant parameter in the quantum theory. Unveiling the dynamics of the scalar field φ(x) (the "axion" field, in its origin), which could lead the system (not only restricted to TI cases) to collapse in domains, will eventually determine the Pontryagin number resulting for each domain. Some work is in progress [15] . Therein, and for TR broken symmetry systems, the corresponding value of ∆θ between neighboring domains could be obtained. Other possible applications arise in astrophysics and cosmology, where the θ-term could play a role and magnetoelectric properties cannot be neglected. Some work is in progress on these latter issues [15] . ============================
